We use tools from representation theory to give simple, easy to verify weak conditions for "upper bounds" on endomorphism rings of certain jacobians defined over a number field K. For example, we provide easy to check conditions for such a jacobian to be simple over K and for it not to have quarternion multiplication over K. Our methods also allow us to give bounds on, and occasionally even fully determine, the minimal field of definition for the endomorphisms of certain families of jacobians.
Introduction
In [Lom19] , Lombardo proves that if f ∈ K[x], with K a number field, is an irreducible polynomial of degree 5, then the jacobian J f of the hyperelliptic curve y 2 = f (x) is absolutely simple. Lombardo uses this as a quick check in part of an algorithm to compute the endomorphism algebra of a genus 2 jacobian. In this algorithm he also makes use of a result of Zarhin [Zar00, Theorem 2.1] which states that if f is a polynomial of degree m with Galois group containing A m , then J f the associated jacobian has trivial endomorphism ring.
Given its computational relevance and theoretical interest, the following natural question arises: can we get extra restrictions on the endomorphism ring of J f when the degree 5 polynomial f has a transitive, but soluble, Galois group?
In this paper we show that we can. Furthermore, our approach generalises, in certain cases, to hyperelliptic jacobians of higher dimension. For example, if f has degree 5, and Gal(f ) ∼ = F 5 = C 5 C 4 , then we determine the minimal field of definition for the endomorphism ring End(J f ), given its rank as a Z-module (see Theorem 1.6).
In the proof of his result mentioned above, Zarhin uses tools from modular representation theory and results about permutation representations, and we draw inspiration from this approach. However, we do not use the theory of "very simple representations" as introduced by Zarhin, but rather work more closely with the minimal field of definition for the endomorphisms.
The examples provided in this paper come from either [LMF18] or were computed on magma [BCP97] using code from Molin and Neurohr's article [MN19] and polynomials found in [JLY02] .
For A an abelian variety defined over K, we shall write End(A) for its ring of K-endomorphisms and End 0 (A) = End(A) ⊗ Q for its endomorphism algebra. The absolute Galois group G K = Gal(K/K) acts on End(A) and hence on End 0 (A). Its invariant subspace End(A) G K = End K (A) is the ring of K-endomorphisms of A, likewise we write End 0 (A) G K = End 0 K (A). Let l be a prime, ζ l ∈ C be a primitive l-th root of unity. Let f (x) ∈ K[x] be a polynomial of degree m without multiple roots. We denote by K(f ) the splitting field of f over K. We also write Gal(f ) = Gal(K(f )/K). If Gal(f ) is isomorphic to the dihedral group of order 2m, then we shall write Gal(f ) ∼ = D m to emphasise the action is on a set of m points.
Let C l,f be a smooth projective model of the smooth affine curve
We denote by J l,f the Jacobian of C l,f . When l = 2, we shall just write C f and J f to simplify notation. It is well-known that g the genus of C l,f is equal to the dimension of J l,f and if l m is given by . Let δ l denote the automorphism of C l,f given by δ l (x, y) = (x, ζ l y). By Albanese functoriality this gives rise to an automorphism of J l,f , which by abuse of notation we denote again by δ l . It is wellknown (see for example [Zar05] ) that the subring generated by δ l in End(J l,f ) is isomorphic to Z[ζ l ]. Theorem 1.1. Let l and p be primes such that the reduction of l modulo p is a primitive root. Let K be a number field, f (x) ∈ K[x] an irreducible polynomial of degree p. Then J l,f is isogenous to a self-product of an abelian variety that is simple over K.
) for some n ≥ 3, or K(f )/K is ramified at finite primes of K where J l,f has good or semistable reduction then J l,f is isogenous to a self-product of an absolutely simple abelian variety.
For hyperelliptic curves we may say more: Theorem 1.2. Let p be a prime such that 2 is a primitive root modulo p. Let K be a number field, f (x) ∈ K[x] an irreducible polynomial of degree p. Then the following hold:
2. The prime 2 is totally inert in the extension E/Q.
The order End
In particular J f is simple and does not have quarternion multiplication over K.
Furthermore, either the same holds true for End(J f ), or both:
1. The rank of End 0 (J f ) as a Z-module is at least p and End 0 (J f ) is not simple.
We have
) for every n ≥ 3, and K(f )/K is unramified at prime ideals of K where J f has good or semistable reduction.
The proofs of Theorems 1.1 and 1.2 follow easily from Theorem 2.5 and Proposition 2.2. Indeed, Theorem 2.5 and Proposition 2.2 provide generalisations of the above Theorems which give us more freedom over the degree of f , for example, if deg(f ) is a prime power.
At the end of Section 2, we also prove the following result where we get even greater restrictions on the endomorphism ring of the jacobian.
an irreducible polynomial of degree 5. Then one of the following holds:
], where D ≡ 5 mod 8, D > 0 is squarefree and 2 r.
3. End(J f ) ∼ = R, where R is a 2-maximal order in a degree 4 CM field, which is totally inert at 2.
In particular J f is absolutely simple and does not have quarternion multiplication overK.
Remark 1.4. We note that we may (slightly) relax conditions on f in Theorem 1.3. Indeed, in regards to f , the proof of Theorem 1.3 only makes use of the fact we have an element of order 5 in Gal(K(f )/K) and the genus of C f is 2.
Example 1.5. Keeping the notation of Theorem 1.3, we have the following examples:
where R is the maximal order of the CM number field with defining polynomial x 4 + x 3 + 2x 2 − 4x + 3. We note that this field is cyclic, ramified only at 13, and 2 generates a maximal ideal.
The following theorem follows from Theorem 3.3 and Propositions 3.5 and 3.8.
Theorem 1.6. Let K be a number field, f (x) ∈ K[x] a polynomial of degree 5. Let L denote the minimal extension L/K over which all endomorphisms of J f are defined.
(ii) If End 0 (J f ) is a degree 4 CM field, then it is cyclic and L is the unique degree 4 extension of K contained in K(f ).
Suppose
In particular, if Gal(f ) ∼ = F 5 , then we have an explicit list, depending on f , for all possible L. Remark 1.7. As the natural action of F 5 contains odd permutations, we have that the minimal extension of K over which all endomorphisms are defined in case
Example 1.8. Using the above remark along with magma we produced the table below of examples of case 1.(i) in Theorem 1.6. Indeed, all polynomials f (x) listed are of degree 5, have Galois group F 5 over Q and satisfy
Upper bounds on endomorphism rings
Let K be a number field, and A an abelian variety over K of dimension g. Let F be a number field, and O its ring of integers. Suppose we have an embedding
To simplify notation we shall write x in place of i(x). In the following we assume that
Theorem 2.1. Let λ be a maximal ideal of O, and l ∈ Z be the prime below λ.
, the λ-torsion of A. Then the following hold:
2. The prime λ is totally inert in the extension E/F .
In particular A is isogenous to the self-product of an abelian variety that is simple over K.
Proof. We begin by noting that elements of
Furthermore, R is finite, so by Wedderburn's Theorem, we have that R is a field. In particular R contains no idempotents, thus neither does End K (A, i). Hence End K (A, i) is a division algebra. It follows that the centre of End K (A, i) is a field, and hence the centre of End K (A) is a field, whence we deduce A is isogenous to the self-product of an abelian variety that is simple over K. Note that as
To prove E is a number field, it is enough, by Albert's classification, to show E = End 0 K (A, i) is not a quaternion algebra over a totally real field (see [Mum70, Page 202] , [Shi63] ). To this end suppose that E is a quaternion algebra over a totally real field. Note that
Then as E is a quaternion algebra over a field of characteristic zero, it follows that 4|d and the elements of E have degree at most d/2, i.e., they all satisfy polynomials of degree less than or equal to d/2 (see [Voi, Theorem 3.5 .1]). Thus the same holds true for elements of R. However, R ∼ = F l d which has an element of degree d, thus we get a contradiction.
To see that λ is inert in E/F , let Λ be a prime above λ in E and consider the kernel of the multiplication by Λ endomorphism,
, the l-torsion of A. Then the following hold:
2. The prime l is totally inert in E/Q
The order End
In particular, A is simple and does not have quarternion multiplication over K.
Proof. As i(Z) is contained in the centre of End 0 K (A), we obtain the first two statements by applying Theorem 2.1.
It remains to show End K (A) is an l-maximal order in E. As in the proof of Theorem 2.1, we have that R = End K (A) ⊗ Z/lZ is a field. Thus R ∼ = F l d and hence contains elements of degree d, so End K (A) contains algebraic integers of degree d whose image in R also has degree d. Let α ∈ End K (A) be one such element, and µ be its minimal polynomial. Then as
Note that α ⊗ 1 satisfiesμ, the reduction of µ modulo l, and as α ⊗ 1 has degree d over F l , we have thatμ is irreducible. Since F l is a perfect field,μ does not have repeated roots, and so we have that l disc(µ). Thus Z[α] is an l-maximal order in E, and hence so is End K (A).
Lemma 2.3. Let l and p be primes with q a power of p such thatl ∈ (Z/qZ) * has order s > 1. Let V be a faithful representation of Z/qZ of dimension s over F l . Then V is irreducible.
Proof. We start by noting that as |Z/qZ| = q is not divisible by l, we may apply Maschke's Theorem, so if V is not an irreducible F l [Z/qZ]-module, then it is a direct sum of F l [Z/qZ]-modules, say V = U ⊕ W . As Z/qZ is cyclic of prime power order and acts faithfully on V , we have that it must also act faithfully on at least one of U and W . Thus it suffices to show there is no injective homomorphism Z/qZ → GL n (F l ) when n < s.
To see this, note that asl has order s modulo q, we have q l i − 1 for 0 < i < s. Thus, for n < s, we have that q does not divide |GL n (F l )| = n−1 i=0 (l n − l i ) and so by Lagrange we may conclude.
We recall some notation and well-known results mentioned at the beginning of the text. We denote by C l,f a smooth projective model of the smooth affine curve y l = f (x), and its Jacobian by J l,f , where l is a prime and f (x) is a polynomial of degree m with no multiple roots and coefficients in some number field K. The dimension of J l,f , equal to the genus of C l,f , is given by g = . The map of C l,f given by δ l (x, y) = (x, ζ l y), where ζ l is a primitive l-th root of unity gives rise to an automorphism of J l,f , which by abuse of notation we denote again by δ l .
We also write L for the minimal extension of K over which all the endomorphisms of J l,f are defined. We note that this extension is Galois (see [Sil92] ).
Lemma 2.4. Suppose that p is a prime and the Galois group of f ∈ K[x] contains an element of order q, a power of p. Then if Gal(K(f )/L) does not contain an element of order q, we have the rank of End 0 (J l,f ) as a Z-module is at least p.
Proof. Suppose Gal(K(f )/L) does not contain an element of order q. Then the quotient Gal(L/K) must contain an element of order p, and so p divides [L 
Another result of Silverberg [Sil92, Theorem 4.1 and the note added at the end of the article] tells us that L is contained in ∩ n>3 K(J l,f [n]) and unramified at prime ideals of K where J l,f has good or semistable reduction.
Theorem 2.5. Let l and p be primes with q a power of p such that the reduction of l modulo q is a primitive root. Let K be a number field, f (x) ∈ K[x] a polynomial of degree q (or q + 1, provided l | q + 1) with an element of order q in its Galois group.
be the embedding given by identifying Z[ζ l ] with the subring Z[δ l ] of End(J l,f ) generated by δ l . Then the following hold:
2. The prime λ = (1 − ζ l ) in Q(ζ l ) is totally inert in the extension E/Q(ζ l ).
Furthermore, either the same holds true for End(J f ), or the rank of End 0 (J l,f )
as a Z-module is at least p. If in the latter case deg(f ) = p, then we also have
Proof. Note that we may assume ζ l ∈ K since f remains irreducible over K(ζ l ) (as K(ζ l )/K is an extension of degree dividing l − 1, and q l − 1 by assumption). By [Zar05, Lemma 4.11] we have that
where s = 2g/(l − 1) = q − 1. Now, as we have an element σ of order q in Gal(K(f )/K) andl has order q − 1 in Z/qZ we may apply Lemma 2.3 to obtain that σ acts irreducibly on J l,f [λ]. Thus we may apply Theorem 2.1. To conclude we apply Lemma 2.4, and note that if Gal(K(f )/L) contains an element of order q, then we may apply the first part of the proof to deduce everything shown for End K (J l,f , i) also holds for End L (J l,f , i) = End(J l,f , i).
Theorem 1.1 now follows immediately from the above.
Proof of Theorem 1.2. We start by remarking that Z rank of the endomorphism algebra of an absolutely simple abelian variety A divides 2 dim(A). In particular if J f is absolutely simple, then dim Q (End(J f )) ≤ (p − 1). Thus applying Theorem 2.5, we are left to prove the order End K (J f ) is a maximal at 2. To see this, note that as in the proof of Theorem 2.5, we have that G K acts faithfully on J f [2] through Gal(K(f )/K), thus we may apply the results of Proposition 2.2.
Proof of Theorem 1.3. We begin by noting that by results of [FKRS12] (see also [Lom19, Definition 2.7] for a summary) the minimal field L over which all endomorphisms of J f are defined is an extension of K with degree dividing 48. Thus f remains irreducible over L so we may assume L ⊆ K.
Observing that 2 is a primitive root modulo 5, we may apply Theorem 1.2. Thus E = End 0 (J f ) is a field, 2 is totally inert in the extension E/Q, and End ] with 2 r.
Bounds on the minimal field of definition
In order to prove Theorem 1.6, we shall need some results from the representation theory of finite groups.
Let G be a finite group. Let B be a finite set which G acts on transitively. Suppose l does not divide |B| = m. Let F l [B] denote the permutation module associated to this action over F l . The submodule given by b∈B b is easily seen to be isomorphic to the trivial module, and owing to the fact that l m, we have a direct sum decomposition of F l [G]-modules:
Lemma 3.1. Let b ∈ B and suppose G b the stabiliser of b has s orbits on B \ {b}.
Proof. By Lemma 7.1 of [Pas68] , we have that dim F l End G (F l [B]) = s + 1. Now due to the isomorphism of F l [G]-modules,
In the following we shall denote the roots of a polynomial f by R f .
Proposition 3.2. Let K be a number field containing a primitive l-th root of unity, f ∈ K[x] a polynomial of degree m coprime to l such that G = Gal(K(f )/K) acts transitively on R f . Suppose α ∈ R f and its stabiliser G α has s orbits on R f \ {α}.
Proof. First, let us note |R f | = m. As Gal(K(f )/K) acts transitively on R f and G α has s orbits on R f \ {α}, with l m and K contains a primitive l-th root of unity, we may apply Lemma 4.11 of [Zar05] and Lemma 3.1 to find that dim
Before proving our next result, we shall recall some standard facts on Frobenius groups and make a few remarks on the minimal field of definition for the endomorphisms of an abelian variety.
A finite group G is said to be a Frobenius group if G contains a subgroup H called the Frobenius complement such that
Frobenius proved that for such groups there exists a normal subgroup K of G such that G ∼ = K H. Left multiplication by elements of G on B, the set of left cosets of H, gives rise to a transitive action and the above condition tells us that the identity is the only element which fixes two or more elements of B. Hence, this action is at most doubly transitive and the stabiliser G b of a point b ∈ B has no fixed points in B \ {b}. Furthermore, it is well know that this action is doubly transitive if and only if |G| = |K| 2 − |K|.
Examples of Frobenius groups include
and D m for m odd, with Frobenius complements F × q and a subgroup of order 2 respectively. In particular, by the correspondence of transitive G-sets and subgroups of G (up to conjugacy), we see that if F q acts on a set of size q transitively, then it in fact acts doubly transitively with cyclic point stabiliser.
We finish our discussion on Frobenius groups by noting that if a cyclic group g of order m − 1 acts transitively on a set B \ {b} of size m − 1, then for d dividing m − 1, the element g d viewed in S m−1 is a product of We now turn to briefly discuss the minimal field of definition for the endomorphisms of an abelian variety.
The action of the absolute Galois group G K on End(J f ) induces a representation
with kernel Gal(K/L), where L is the minimal extension of K over which all endomorphisms of J f are defined. In particular, we obtain an injection of abstract groups
Theorem 3.3. Let q be an odd prime power. Let f ∈ K[x] be a polynomial of degree q with Galois group
.
is Galois, Gal(E/Q) ∼ = Z/sZ and L, the minimal extension of K over which all endomorphisms of J f are defined, is the unique extension F/K of degree s contained in K(f ).
Proof. We start by noting that as J f is absolutely simple s|(q − 1). Furthermore, by the above, we have that
acts transitively on R f , and the stabiliser of a point α ∈ R f , being cyclic of order q−1 d , has d many orbits on R f \ {α}. Thus, by Proposition 3.2 we have that
Finally, as |Aut(E)| ≤ s the injection of abstract groups Gal(L/K) → Aut(E) from above is actually an isomorphism. Whence we deduce that |Aut(E)| = s = [E : Q] and so E/Q is Galois. We may now conclude using that Gal(L/K) = Gal(F/K) ∼ = Z/sZ. Example 3.4. In the table below we give examples of the above theorem. We denote by Q(ζ p ) + the maximal totally real subfield of the p-th cyclotomic field Q(ζ p ). We also write L f for the minimal field over which J f and its endomorphisms are defined.
See also the table at the end of Section 1 for more examples of Theorem 3.3. 
is a number field of dimension m − 1 over Q. Then L, the minimal extension of K over which all endomorphisms of J f are defined, contains the unique extension F/K of degree 2 contained in K(f ).
Proof. The proof is similar to that of Theorem 3.3. Indeed,
acts transitively on R f , and the stabiliser of a point α ∈ R f , is cyclic of order 2/d, and has
many orbits on R f \ {α}. Thus, by Proposition 3.2 we have that
To finish the proof of Theorem 1.6, we require the following observation.
Proposition 3.6. The Galois group of L/K, the minimal extension over which all endomorphisms of J f are defined, fits into the exact sequence
where H is a subgroup of an elementary abelian 2-group.
are subgroups of GL 2g (Z/2Z) and GL 2g (Z/4Z) respectively. Thus, as the following sequence is exact
) is an elementary abelian 2-group we are done. Suppose E = End 0 (J f ) is a number field of dimension m − 1 over Q. Then L, the minimal extension of K over which all endomorphisms of J f are defined, is the unique extension F/K of degree 2 contained in K(f ). We know that 5 [L : K] so the image of Gal(L/K) in Gal(K(f )/K) is trivial, thus by Proposition 3.6 we have that Gal(L/K) has exponent dividing 2. Thus Gal(L/K) is isomorphic to either the trivial group, C 2 , or C 2 × C 2 . If Gal(L/K) ∼ = C 2 × C 2 , we have that E * , the reflex field of E, has Galois group Gal(E * /Q) ∼ = C 2 × C 2 , and so the CM type of J f is not primitive [Shi98, 8. Proof. We shall prove the contrapositive. We begin by noting that as J f is absolutely simple it has primitive CM type. By [Shi98, 8.4 Examples] there are only two such CM types for a genus 2 curve. One of which is not Galois and the other which is cyclic of degree 4. In the first case, [Shi94, Proposition 5.17(5)] gives us that K contains the real quadratic subfield of the reflex field. In the other case, the reflex field E * is equal to E = End 0 (J f ). As the minimal field of definition of the endomorphisms is L = E * K (see [Shi98, Proposition 30, page 65]), and [L : K] ≤ 2, we have that K contains the real quadratic subfield of E.
